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shear stress produced by the
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Introduction
The topic of this paper is the wall function influence on the results of
computation of the wall shear stress produced by a normal impinging thin
plane turbulent jet on a flat plate. This study is justified by the necessity to
possess data that will be used for the analysis of jets and liquid deposits
interaction problems. Some engineering problems can be noted e.g. jet-blast
drying and coating thickness control.
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Nomenclature
A = coefficients of discretized

equations
Cµ = turbulence-model constant
e = jet gap
E = roughness parameter
H = nozzle-to-plate distance
k = ui

2 /2 = turbulent kinetic energy
l = turbulence length scale
Lm = mixing length
p = pressure
Pk = rate of production of 

turbulent kinetic energy
Pe = Peclet number
Re0 = U0e/ν = Reynolds number 
Ret = ρk1/2 l /µ = νt/ν = turbulent Reynolds 

number 
Sφ = source term of φequation 
T = temperature
u = fluctuating velocity
U = mean velocity in x-

direction
U+ = Up/Uτ = non-dimensional value of 

UP
Uτ = friction velocity
V = mean velocity in y-

direction

ϑ = ∆x.∆y.1 = control volume
x, y = co-ordinates
y+ = Uτ yP/ν = non-dimensional value of 

yP

Greek symbols
χ = von Karman constant
∆x, ∆y = mesh lengths
ε = ν(∂

—
Ui/∂xj)

2 = turbulent kinetic energy
rate of dissipation

φ = dependent variable 
Γφ = diffusion coefficient of 

variable φ
ν = kinematic viscosity
νt = Cµ k2/ε = turbulent kinematic 

viscosity
ρ = density
τ = shear stress
Ψ= k1/2/Uτ = non-dimensional value of 

k1/2

Subscripts
0 = values at nozzle exit
i, j = tensor notation
n = values at node points: 

N, S, W and E.
P = values at node point P
w = wall values

τ ρw /

Note: The symbols defined above are subject to alteration on occasion
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Some researchers[1-3] have experimentally studied the impingement of
turbulent jets on a solid surface and have established some empirical laws
giving velocity, pressure and shear stress distributions along the flat wall.

The authors generally divide the jet flow field into three fundamental regions
(Figure 1): I is referred to as the free jet region, II is the impingement region and
III is the wall jet region. The experimental study[2] is used as a specific
reference to validate calculations. Other authors have studied this problem
using numerical methods[4-8]. In all these studies, the classical wall logarithmic
law is used. In discretization schemes, the first grid point must be located at the
beginning of the logarithmic region, just outside the viscous sub-layer. Looney
and Walsh[7] have used the generalized form of the logarithmic law to predict
the shear stress in the impingement region.

As a closure model, most studies use the standard k-ε turbulence model.
Recently, Leschziner[6] has found that the Reynolds stress model is superior to
the k-ε model only in the case of a swirling jet and in a large recirculation flow
region. In the case of a plane jet impinging normally on a plate, the calculation
results using either one of the two models are almost identical. By imposing a
small mesh in the boundary layer, the RSTM model generates a slow
calculation. For this reason, the high Reynolds number k-ε turbulence model
was chosen with the wall functions in this work. The influence of these wall
laws over the shear stress calculation is studied in detail here. To minimize the
influence of the near wall grid on the prediction of the shear stress, a hybrid
wall law is proposed. A “choice criterion” for the near wall grid is defined.
Calculations are validated through experimental data.

Mathematical model
Conservation equations
The flow of a turbulent jet impinging on a plate is governed by continuity, momen-
tum and energy equations. The equations of turbulent kinetic energy k and the
rate of dissipation ε, which represent the standard k-ε turbulence model[9], are
added to the previous equations. For a steady two-dimensional flow, these
equations can be written with the following general conservation form:

Figure 1.
Impinging jet system

Nozzle

Region I

Region II
Region III

H

y
xWall

e



HFF
7,6

550

(1)

Resolution procedure
By using the finite volume scheme[10], the calculation domain is discretized into
a computational mesh. Equation (1) is integrated over the finite control volume
(Figure 2) ensuring the preservation of the conservation properties. The result
is a set of equations having the following form:

where A are coefficients representing convection and diffusion contributions, b
the integrated source term, and ∑

n
the summation over node P’s four neighbour-

ing nodes.

The SIMPLEST algorithm, the modified version of SIMPLE proposed by
Patankar[11], is used to solve the coupling between continuity and momentum
equations through pressure. A hybrid differencing scheme combining the
advantages of both upwind and central differencing is used to ensure stability
at all values of Peclet number and to limit the effects of numerical diffusion.
Since the iterative method is used, the initial conditions corresponding to the
variables must therefore be specified. For a steady flow, these conditions do not
affect the final result but only the convergence velocity.

In order to take into account the external shape of the nozzle, a quasi-orthog-
onal mesh is used in the whole flow domain, except near the flat plate. The influ-
ence of the nozzle external shape on the flow will be presented later. On the other
hand, the Cartesian mesh is adopted near the wall. Strong grid clustering is used
at the impinging wall and at the jet axis. As the geometry to study is symmetrical
in the case of a normal impinging jet, only half of the physical domain is solved.
Different grids were tested to ensure independence from the numerical results on
the grid density. A typical grid size of 60 × 27 (∆x.∆y) has been used in most of the
solved cases. A typical grid is shown in Figure 3. All variables were converged
after 2,000 iterations. In the first 500 iterations, the energy equation is not coupled
with the other equations.

Figure 2.
Volume control of
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Boundary conditions
The flow field ABCDEF in Figure 3 is selected as the domain of interest over
which the governing differential equations are integrated. Four boundary
condition types are used:

• Symmetry axis FA. The velocity component U and the gradients of the
other dependent variables in the x direction are chosen equal to zero.

• “Outlet” conditions CD and DE at ambient pressure. The dependent
variables gradients in the normal direction to the outlet boundary are set
equal to zero.

• Wall conditions BC and EF representing the nozzle blowing external
shape and the flat plate.

• Inlet conditions AB corresponding to the blowing section at the outlet of
the nozzle.

The last two boundary condition types will be described in greater detail in the
following sections.

Inlet conditions
The jet velocity V0 and temperature T0 are regarded as uniform at the nozzle
exit i.e. the limit AB of the calculation domain. The turbulence properties k0 and
ε0, are determined from the jet velocity[12] as follows:

Figure 3.
Typical numerical 

grids and boundary
conditions for

calculation

e/2
Outlet

Outlet

Wall
H

Symmetry
axis

Inlet

A B

C
D

E x

XL

y

y

x

F



HFF
7,6

552

The length scale of turbulence l at the inlet is set to 0.1 e. 

Wall conditions
The standard k-ε model used in the present work is applicable only to flow regions
with high turbulence Reynolds number Ret. In the region near the wall, i.e. viscous
sub-layer, the effect of molecular viscosity and turbulence Reynolds number is
small. When the flow Reynolds number is high, the thickness of this region is very
small and difficult to model. A precise calculation of the flow requires several
discretization points in the viscous sub-layer and the intermediate zone where the
velocity gradients are high. A practical method to solve this problem is to link up
the model to a relation called the wall function or the wall law. The latter is
established from empirical hypothesis and enables us to connect wall conditions
to another calculation domain. In the field of the first grid point near the wall,
where the convection is neglected as compared to the diffusion, the turbulence
kinetic equation for a shear flow can be written in the form:

(2)

The velocity component parallel to the wall at the first grid point Up (Figure 4)
and the turbulence kinetic energy kp are assessed through numerical integration
of the corresponding equations. The wall shear stress τw is deduced from the
wall function. The equation of the kinetic energy rate of dissipation ε at the first
grid point is not solved, but this rate is calculated from the relation[12]:

(3)

The classical logarithmic law and the generalized one are used subsequently to pre-
dict the friction along a smooth flat plate with the impinging jet on it. These laws are
based on incompressible boundary layer approximations. However, an experiment
of Chieng and Ng[13] in the case of a strongly heated boundary layer demonstrates
that the logarithmic wall law is also convenient in the case of an expansive fluid.

Figure 4.
First grid point 
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Logarithmic wall law
This law is associated with the mixing length hypothesis for a shear flow, where
the turbulent viscosity is:

Velocity at the first grid point near the wall (located outside the viscous sub-
layer) is related to the wall shear stress by the logarithmic law:

where –ρuiuj
––– denotes the Reynolds stresses since:

After integration, at each grid point, the velocity Up in the high Reynolds number
region according to a friction velocity Uτ formulation is written as follows:

(4)

In the viscous sub-layer:

χ = 0,41 and E = 9 for a smooth wall[12]. 
Constants χ and E are compatible with the constants of the k-ε turbulence

model. This compatibility ensures the results’ continuity at the boundary between
the wall law and the internal points where the turbulence model is applicable.
Turbulence kinetic energy k on this boundary is determined from a local
equilibrium hypothesis between production and dissipation (source term is equal
to zero). This hypothesis allows a linear link between the turbulence kinetic energy
and the shear stress: kp = U 2

τ /√
___
Cµ. Dissipation is furthermore linked to the shear

stress and to the first grid point distance to the wall by the relationship (3).

Generalized wall law
Here, the local equilibrium between the production of turbulence kinetic energy
and its dissipation is not prescribed. A generalization of the logarithmic wall
law is obtained by taking the square root of the turbulence kinetic energy as the
velocity scale[14]. Thus the turbulent viscosity near the wall is expressed in the
following form:

By using a similar development as for the classical logarithmic law, one obtains:
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After integration, a similar expression to the relation (4) with different
normalization scales is found:

(5)

where

It is necessary in this case to solve the turbulence kinetic energy equation;
equation (2) is integrated over the control volume of Figure 4:

(6) 

The first term of relation (6) is integrated by assuming that there is no diffusion
at the wall: (∂k/∂y)w = 0. The second term is composed of the difference between
averaged production and dissipation rates:

The averaged production rate in the grid cell is:

(7)

The averaged dissipation rate in the grid cell is:

(8)

The main use of this form of wall function is in flows with conditions far from
the local equilibrium. However, it is widely used in finite volume schemes
applied to recirculating and separated flows[15].

Results and discussion
Influence of the external shape of the nozzle on jet actions 
To demonstrate the influence of the external shape of the nozzle on the
jet actions[16], the flow is modelled for two lengths (XL = 5mm and XL = 20mm)
of the nozzle end shown in Figure 3. For the two cases, distance H is set to 7.5mm
and jet gap e to 1.0mm. Inlet velocity V0 is chosen equal to 197m/s.

The pressure distributions (Figure 5) show negative values for the relative
pressure when XL = 20mm. When the nozzle length XL is large, a swirling flow oc-
curs in the region between the nozzle and the flat plate. Owing to the blockage pro-
duced by the recirculating zone, the velocity increases in the non-disturbed flow
region. This increase of velocity can explain the negative values of the relative
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pressure[5] and the higher values of the wall shear stress (Figure 5). The stream-
line analysis[16] shows that for XL = 5mm, the surrounding air goes along the ex-
ternal wall of the nozzle and is then dragged down by the jet towards the flat plate.

These results show that the influence of the external shape of the nozzle may be
significant on the pressure and the wall shear stress values for small nozzle-to-
plate distances. Therefore, the use of empirical relationships available in the refer-
ences is not easy because the external shape of the nozzle is generally not defined.

Wall shear stress distribution along a plate
Distributions of shear stress along a flat plate caused by the impingement of a
normal plane jet are studied. To validate computation results, the experimental
configuration of Mohamed Aly[2] is used. Calculations are carried out for a
length of the nozzle end XL equal to 5mm, an exit nozzle velocity of 190m/s and
relative nozzle-to-plate distances H/e equal to 10, 15 and 25 with a 1mm jet gap
e. Results shown in Figures 6 to 12 correspond to case H/e = 25. 

This study aims at determining the influence of the distance of the first grid
point yp from the wall over values of the shear stress. The classical logarithmic
and the generalized wall laws previously presented are used and the errors

Figure 5.
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generated within the friction computations for each law are evaluated. Six
calculations were carried out for each wall law with a relative distance of the
first grid point from wall yp/H varying from 0.0014 to 0.01. 

Logarithmic law results. Figure 6 describes the wall shear stress distributions
at different relative distances yp/H, evaluated using the standard logarithmic
law. The distribution shape is similar to the one measured[2]. After a zero value
at the jet axis, the shear stress increases very quickly over a few millimetres
until it reaches its peak in the impinging jet region, then it decreases slowly in
the wall jet region. The shear stress is overestimated or underestimated
depending on yp/H value. It decreases when distance yp/H increases. 

Gaps between wall shear stress distributions in accordance with yp/H values
are of paramount importance in the vicinity of distribution law peak. These
gaps decrease in the zone located in the vicinity of the jet axis and in the wall jet
region. The best fit between the calculated value of the shear stress and the
measured one is obtained with y+ = 30 corresponding to yp/H = 0.002. In this
case, node P is located just outside the viscous sub-layer and at the beginning of
the logarithmic region flow. But it is difficult to abide by this condition 
(y+ ≈ 30) before each calculation. 

Generalized law results. Wall shear stress distributions on a flat plate are
calculated from the generalized law and compared to experimental data. Figure 7
shows that in the impinging jet region, peak shear stress values are well predicted
for different distances yp/H except for the greatest value 0.01. On the other hand,
just after the maximal point for x > 5.5mm corresponding to x/H > 0.02, the shear

Figure 6.
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decreases very rapidly and values are identical in the wall jet region. These values
are smaller than the experimental data in this region. The same verification is
made by Looney and Walsh[7] using this type of wall law; their predictions are
correct in the impingement region but they do not study the wall jet region.

To conclude, the generalized wall law gives a proper prediction of the wall
shear stress up to the peak point in the impingement region but it has the
disadvantage of underestimating the shear stress in the wall jet region.

Hybrid wall law. The main hypothesis of the generalized law is that of a lack
of equilibrium between the production of turbulent kinetic energy and its
dissipation, in contrast to the case of the standard logarithmic law. That
encourages us to go further on to improve on that which was predicted. To
collect information related to this last condition, profiles of the production rate
of turbulent kinetic energy and its dissipation rate corresponding to relations
(7) and (8), are shown in Figure 8. These profiles are like those of the wall shear
stress and they are identical except for the following:

• in the vicinity of the peak, the values of the dissipation rate ε are higher
than those of production rate Pk; and

• in the wall jet region the values of ε are lower than those of Pk.
Far from the jet axis, the two distributions vanish to zero. As shown sub-
sequently, this configuration has some importance for the prediction of wall
shear stress. These results prompt us to combine the two types of wall laws
giving the so called “hybrid law”. The principles of the hybrid wall law are:

Figure 7.
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• In the impingement region, the generalized law suitably predicting the
wall shear stress with less influence of the grid close to the wall on these
calculations is used. The production rate of turbulent kinetic energy Pk is
lower than the dissipation rate ε (Pk/ε < 1).

• In the wall jet region, the standard logarithmic law can be used to ensure
the local equilibrium between production and dissipation rates ofk (Pk = ε).

The transition between the two laws is defined at distance x/H ≈ 0.22.
Figure 9 describes the production and dissipation rates distributions by

using the hybrid law. The two profiles coincide everywhere except in the
vicinity of the maximum values where the dissipation rate is higher than the
production rate (Pk/ε < 1). In figures 10 and 11, where Pk and ε are plotted, both
generalized and hybrid laws are compared. The difference between the two laws
is visible in the region located just after the peak point and this difference is
greater in the case of ε (Figure 11).

To assess performances of the hybrid law, the shear stress distributions are
drawn by using the same values of yp/H (ranging from 0.0014 to 0.01) for the
logarithmic law (Figure 6) and the generalized law (Figure 7). Figure 12 shows
an improvement of the calculation results: less difference between the different
profiles on the peak values of shear stress as compared to Figure 6 (generalized
law effect) and a progressive decrease after these values in the wall jet region
(logarithmic law effect) are observed. For a good prediction of shear stress
distribution along a plate a “choice criterion” is established and is defined by:

Figure 8.
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Figure 10.
Comparison of Pk
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Figure 11.
Comparison of ε
between the generalized
and the hybrid wall
laws
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(9)

A general comparison between profiles of wall shear stress calculated by hybrid,
standard and generalized laws is presented in Figure 13. These results are given
for a distance yp/H = 0.002 for the three laws. Figure 14 compares the predictions
of wall shear stress distributions corresponding to different values H/e (10, 15 and
25) with the experimental data available. The choice criterion (9) and the value
x/H ≈ 0.22, which is the transition between the two laws, are applied for these
computations. For the peak values of wall shear stress, the non-dimensional
variable y+ must vary between 20 and 60. In the numerical study of wall jet,
Ljuboja and Rodi[17] recommend the use of values between 30 and 60 for y+.

Finally, in Figure 15, to ensure the validity of the present modelling, the
friction velocity in the non-dimensional form (Uτ/V0)(H/e)1/2 is plotted against
x/H for calculation results using the hybrid law and experimental data of Beltaos
and Rajaratnam[1] with Re0 = 7,100 and Re0 = 5,680 for H/e = 66.15, Mohamed
Aly[2] with Re0 = 12,786 for H/e = 25 and Shauer and Eustis[3] with Re0 = 43,000
for H/e = 40. Comparisons show a good agreement between calculations and
measurements even for high distance H/e and for high Reynolds number. 

In these last experimental works, the Preston probe is used to measure the
wall shear stress. It is important to specify that in the impingement region,
large favourable pressure gradients are present and, based on the general
recommendations of Patel[18], the possible error in the wall shear stress will be
less than 6 per cent for x/H > 0.225 and could be larger in the immediate neigh-
bourhood of the impingement point. Within the measurement errors, the agree-
ment between calculation results and experimental data is suitable.

Pressure distribution along a plate
In addition to the wall shear stress, the impingement of a jet on a flat plate also
causes a pressure distribution. Figure 16 compares the prediction of wall
pressure distributions with experimental data[2] for relative distance H/e equal
to 10, 15 and 25, and velocity at nozzle exit equal to 190m/s. A good agreement
is found between prediction and measurement profiles. The value of pressure is
maximal at the impingement point and very rapidly decreases to be
subsequently cancelled in the wall jet region.

Conclusion
In this work, an optimization of the calculation of the jet flow impinging on a
flat plate has been attempted. Special attention was focused on the wall shear
stress evaluation. For a suitable calculation of this wall shear stress along a
plate with less dependence on the grid close to the wall, a hybrid law is
proposed. This law provides a more accurate prediction of the shear stress in
the impingement region (generalized law effect) while keeping the advantage of
the logarithmic law in the wall jet region. 

For a good prediction of shear stress distributions on the plate, a “choice
criterion” for the first grid point near the wall was established. This criterion
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Figure 13.
Comparison between
the wall laws – wall
shear stress
distributions
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Figure 16.
Wall pressure
distributions
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was defined by the non-dimensional value y+ ranging from 20 to 60. Also, a
value for the relative distance x/H was defined as the transition between the
logarithmic and the generalized laws. The use of the hybrid law provided quite
good agreement with experimental data.
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